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Abstract—A method, based on the improved thick shell theory of Mirsky and Herrmann for circular
thick cylindrical shells, is presented for analyzing the free vibrations of noncircular thick cylindrical
shells having circumferential thickness variation. The equations of motion are solved exactly by
using a power series expansion. Frequencies and mode shapes are presented for elliptical cylindrical
shells having second degree thickness variation. The effects of shear deformation and rotary inertia
upon the frequencies are discussed by comparing results from the present theory with those of thin
shell theory.

1. INTRODUCTION

There exist a large number of references that deal with the vibrations of axisymmetric shells
of revolution (cf. Leissa, 1973). Recently, some studies on the vibrations of noncircular
cylindrical shells such as an elliptical cylindrical shell or an oval shell have been made (cf.
Suzuki et al., 1983), but most of these works treat shells having uniform thickness.
The present authors (Suzuki and Leissa, 1985) studied the free vibrations of noncircular
cylindrical shells having circumferentially varying thickness by using thin shell theory. They
developed an exact solution procedure for determining the free vibration frequencies and
mode shapes of noncircular cylindrical shells having circumferentially varying thickness
and the two opposite, curved edges supported by shear diaphragms (also called “freely
supported ends™).

The purpose of the present work is to present a set of governing equations and a
method for analyzing the free vibrations of noncircular thick cylindrical shells having
circumferentially varying thickness. Mirsky and Herrmann (1957) and Mirsky (1964) have
given an excellent improved thick shell theory for investigating the vibrations of circular
thick cylindrical shells. The present work is an extension to noncircular cylindrical shells
of their improved thick shell theory for circular thick cylindrical shells. Equations of motion
and boundary conditions that include the effects of shear deformation and rotary inertia
are derived, and the equations of motion are solved exactly by using power series expansions.
The method is demonstrated for a set of elliptical shells having quadratic thickness variation
and both ends supported by shear diaphragms. Numerical results obtained by the present
method are compared with those determined from thin shell theory, which were previously
given by Suzuki and Leissa (1985), and the effects of shear deformation and rotary inertia
upon the natural frequencies are discussed.

2. ANALYSIS

2.1. Lagrangian formulation of equations of motion and boundary conditions
Let us consider the free vibrations of a noncircular thick cylindrical shell for which the
centerline of the cross-section is a smooth curve, and the thickness varies along the center-

1 On leave from Ohio State University.
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line, but is constant along the generator. This centerline, which is the intersection of the
middle surface of the shell with the plane x* = const, is shown in Fig. 1. Let the length of
the shell be / = ury, where ry is a representative radius of curvature parameter, and let the
curvature at any point along the centerline be 1/p. Take the coordinate axis x” along the
generator of the middle surface, the arc length s measured along the centerline of the cross-
section (the centerline and the generator being orthogonal) and the z-axis towards the
center of curvature. Let the thickness of the shell be 4 = hoH{s), where A, is the thickness
at s = 0 and H(s) is a function of 5. Employ a nondimensional coordinate x = x'/ry and
denote the displacements in the x’, s and = directions by 4, £ and W, respectively.
It is convenient to use the following transformation of variable:

dé 1 G
& o ;;(D(G) (M

where 6 is a variable that describes an angle between the tangent to the centerline curve at
the origin of s and the one at an arbitrary point on the centerline, G is a constant determined
by the shape of the curve and ®(8) is a function of 6. As an example, consider an ellipse,
for which the equation is denoted by the rectangular coordinates (£,,&,) as ¢, = acos #,
¢, =bsinn, in which 24, 2b and 5 are the major and minor axes and a parameter,
respectively. Setting the representative radius r, and the ellipticity of the curve u, as

ro =/@+b6%/2, po=(@-bH/(a’+b%, )

one obtains

- 1 5 ,
tan 0 = /(14 p)/(1—pg) tan n, = T—pi, ®(0) = (14, cos 26)%2.  (3)

One can denote ®(6) by a simple expression for a number of other curves as well (cf. Suzuki
et al., 1978).

Following the improved thick shell theory for circular cylindrical shells of Mirsky and
Herrmann (1957) and Mirsky (1964), it is assumed that the displacements #, 7 and W are
represented approximately by

- z .
i= [a+ww$] sin o?
Ty

z ]
b= [v-&- —-wg] sin wt
¥y
W= w sin w? 4

where @ and ¢ denote the circular frequency and time, respectively, and u, v, w, ¢, and ¥,
are functions of x and 6. The normal and the shearing strain expressions at any point are

Fig. 1. Coordinates.
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obtained from Love (1927):

E—la_'z -—._l (?E+_>+aﬁ

= %’ te =52\ TV

(EL) L

=0\ ") =Tt e

_..E —-.._l 6_a+_l_§£- 5
&=5 V=0, A )

Substituting eqns (4) into eqns (5), one has

sx‘ro ox ry Ox @b 8G-—p—z " ro 06 s @

_ |1 fou  z Oy, 1{év =z 6%) )

& =0, M-[p—-z<ae+,o ae)ﬂo(aﬁzﬁ sin wt
1 p ow\ | .

R I

_ 1( 6w> .
— Y = e lllx+—5; sin wt. (6)

Assuming a state of plane stress and that shearing stresses obey Hooke’s law, one has

Eyy
O, = 1—V2 (8X+V89), Tx0_2(1+v)
E k’E‘yﬂz
Oy = 1__";2‘("5;:'{"80), Tg; = 20+
k' Ey.,
= = 7
0. =0, = e ™

where E, v and k' are Young’s modulus, Poisson’s ratio and the shear coefficient, respec-
tively. Let us now define the Lagrangian for a vibratory period (z’) as follows:

L—(E)lf" v J"’j"’ aaY (a5}  (ow
=\7)z) Laah L P\ 7; + 7 + o — (0 8.+ 008
+a'zez+Tx9'yx9+102.y0:+tzx)’zx)i|r0(p_z) dx df dz dr (8)

where p, denotes the mass density. Substituting eqns (1) and (4)—(7) into eqn (8) and using
the following relations

M2 4z . h h? LEI . h
~h2Pp—2 p P —h2P—2 P

hi2 2 h3 hi2 3 hi2 4
f A PRI f z dz#f 2 dz=o0, ©)
—w2P—2 12p —w2pP—2 ~h2P—2Z
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equation (8) becomes

8, ("x,
N T —
2 ou
+ﬁ0 [{ax ( )} 4CG® (56 *‘t)]
'l/x : 5% ’ a'/’x all’o 6u a‘/’x
[(ax>+G2®2{59 +Gd><ae )} +ZG(D{(1—ZC)—5;—59—«~$-5—;}]
2
+BOCH(G<1>ZG + 2 ) +CH’[(‘;%) +qu>2( 6";‘ +G®59)

Y, Oy Ov Oy cw
+ZG¢(§§ 3% “é;c—)]'*‘k C[ﬁoH(lf’t '37_)

2
d
+(,BQH+GZ(I)2H3){G¢<0+ %g)-&-%} ])Ei—xaﬁ (10)
where
o Poho@’rs _ 12 _ Eng v

Taking the first variation of L to obtain the stationary condition of the Lagrangian, 6L = 0,
one obtains

6, {"x,
5L / (;%) - £ J (E18u+ Exdv-+ Esdw+ Eo0, + Esbiig] dx dO
o 1 WXy
“‘j : [T|5u+ T250+ T35W+M[5|/11+M26|l/9]zf dx

6,
—J‘ [T45u+ T55U+ T65W+M351//x+M45¢9 ;f dé=0 (12)
8y

where

H? T, @T.
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and where

u o .
T,=CGh[ﬁo( a’; a”)+G’H%2(a‘g +Gp )]
242 dv 2172 za'l’@
T, = GH[po(l 2;)a +mo+02H¢)Go(——w)+GH¢ ]

06

7, = k1GHB,+ 60|60 v+ ) ),

TP )
- nfog g i-on ]

Ts = k'{BoH (¢x+ g—:) / @,

s u\, o
— 3
M, ={GH [G(D( = +G®66) 6x]

0y
M, = GH’[m{aa"g +G(b(69 )}+(1-2c) a]l;]’
1 ey, a.p, du
M;=H [Q = +G{(l 2)—2 a—x}]

M, = CH’[; a{;p,, +G<aa'”8" - gf;)] (14)

Observing that

rh/2
{T\, T3, T3} D, sin ot/riG = {t.9, 09, — g, } dz
I

(*h/2

{T49 TS’ T&}DO(D Sin a)t/r?, = {0’;, Txos "”sz}(l “'Z/p) dZ
hi2Z

v

(*hi2

{M,, M,} D, sin wt/r}G = {t4,00}2 dz
hi2

L

hi2
{M3, M, }D® sin wtfr} = {0, t0}2(1 —2/p) dz, (15)
2

L

one may readily see that the quantities (T, T3, T5)Do/raG, (T4, Ts, Ts)Do®/r3 are pro-
portional to the resultant forces per unit length acting on the shell element and the quantities
(M, M;)Dy[riG, (M3, M) Do®/r? to the resultant moments, respectively. Euler’s equations
(equations of motion) are

=E3=E4"—'—'E5=0. (16)
The boundary conditions at 8 = 6, and 8 = 8, are

Tw=Tyw=Tyw=My, =M, =0. an
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For boundaries at x = x, and x = x, they are
T4u= T5U= T(,W'=M3lpx =I‘/I4lllg=0. (18)
2.2. Solutions of the equations of motion for freely supported ends
Consider a noncircular cylindrical shell having its curved ends supported by shear
diaphragms (or freely supported). That is, the conditions to be imposed at the ends are

T_;ZL'—'_'—-H‘—_—IW3:¢H=O (19)

which satisfy eqns (18). Equations (19) are exactly satisfied at x = 0 and y by choosing

) = 3 {un(8), Un(6)] cos il

m=|

(0, g, W} = i {0m(0), Yom(0). W (B)) sin ,—Zﬁx (20)

where m is an integer. Substituting the displacements (20) into the equations of motion (16)
yields the following set of ordinary differential equations :

dTlm

Ao H /D~ (GH? B om] + kT 4+ T 0
4 2 dTZm
agH v — (GH “®/Bo)Yom] — P\ T3 — 40 +kTs, | =0
dgHWm'i-(p(sz dT3m ~kTe, | =0
do
s d
2 H? (Yum — GOuy,) +<I>(kM3,,. —Tem+ ﬁ) =0
Bo dé
dszm
B—H Yom/®@~GUp) —~ T3/ GP+ — 75— 0 —kM,, =0 (21)
where
k=mn/u (22)

and T, T, ..., M,, are expressions obtained by substituting eqns (20) into expressions
T, T,,...,M,in eqns (14) and omitting sin kx or cos kx. Exact solutions to eqns (21) may
be obtained by expressing the ellipticity function (®) and the thickness functions (H, H?,...)
as infinite power series in 8, and assuming solutions for u,,, ;s Wi, Y. and Y, Which are
also infinite power series in 8. The solution procedure will be demonstrated here for shells
having cross-sections with one or more axes of symmetry, although it can also be carried
out when no symmetry is present.

Let 8 = 0 correspond to a symmetry axis. Then the variable coefficients of eqns (21)
may be expanded as

(%, H, H?, H3 HO?, H*®?, H3®?)

x do do
z {(DO”HQA:"B C:s(DODIT’ (DOE (DOF*}B.”{ dg H (D de}

z JGEHE ™1 (23)
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{BLCALDLELFLGLHY = ¥ {4} 42, 4% B},

p=0

A:-p”pa B:—pﬂps C:—pnpa (n+ l —P)'Tn+ I—pA;y (n+ 1 —P)'In+ l—pc:}- (24)

One can denote ®? as in eqn (23) for the curves for which the curvatures are expressed as
even functions of 8. Equations (21) have two solutions: one in which w,/®, w,,, ¥, are
even functions of 8 and ¢, Y,,/® are odd functions of 8, and another in which u,,/®, w,,.
V.. are odd functions of ¢ and v,,, y,,/® are even functions of 8. They are considered
separately.

(i) In the case where u,,/® is an even function of 8, one takes:

Un/® = Y 4,07, v, =Y B8*', w,=Y C6
n=0

n=0 n=0
me = Z Dngz’,’ wﬂm/d) = Z En92n+l (25)
n=0 n=0

where A4,, B,, C,, D, and E, are coetlicients which are determined in turn as follows.
Substituting eqns (25) into eqns (21) yields

Y. (€G*®o(2n+1)2n+2)[1o(G ®oF§+PoAB) Aps 1+ GFED, 1 1 +£na)0™ =0

n=0

Z (GZ¢0(2n+2)(2n+3)[D3(ﬁ0+GZ¢OE0*)Bn+l+G¢0,10F3E"+1]+ﬁb)02n+l =0
n=0
Y, (K'{G*®D3(Bo+G D EY)(2n+1)(2n+2)C,  +£,)0" =0
n=0
Y. ((G*®F3(2n+1)(2n+2)(G®ooAns 1+ Doy 1) +£oa)0™" = 0

n=0

Y, (G*®onoC3(2n+2)(2n+3)(GB, .\ +E, 1) +£,)07+! =0

n=0 (26)
where fo., fus» fres Jna @and f, are series defined in the Appendix.
(ii) In the case where u,,/® is an odd function of 8, one takes:
U@ = Y A0, v, =Y BO” w,=Y Co"*!
n=0 n=0 n=0
lpxm = z Dn62”+1a lﬁ@m/cp = Z Enezn (27)

n=0 n=0

where 4,, B,, C,, D, and E, are undetermined coefficients. Substituting eqns (27) into eqns
(21) yields

Y ((G*®o(2n+2)(2n+3)[0(BoAS+ G @ F§) Ari 1+ GFED, . |1+ £,)07% ' =0

n=0

2 (G?®o(2n+1)(2n+2)[DE(Bo+ G ®oEY) B, 1 1 + GO FEE, . ]+ )0 = 0

n=0

Y (K'{G*®DY(Bo+ G P ER)(2n+2)(2n+3)Coy +£,)07 ' =0
n=0

aQ

Y. CG*®F3(2n+2)(2n+3)[G®oNoAns 1+ Do 1] +£a)07H =0

n=0

2 (G C¥2n+1)2n+2)(GBys 1 +E, )+ F )0 =0 (28)
n=0
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where f.., fus, fue» Jna @and f,. are given in the Appendix. From each set of eqns (26) and
(28) used independently, the coefficients A4,.,, B,.\. C,.\. D,,, and E, ., (n = 0) are
obtained in terms of A,, B,, Cy, D, and E,, with the last five left undetermined. Hence,
five independent solutions arise from each set. In this way, 10 independent solutions for the
complete problem are obtained. The general solutions of eqns (21) are expressed by com-
bining linearly these 10 independent solutions. However, when the cross-section is symmetric
about @ = 0, the vibrations are divided into modes which are either symmetric or anti-
symmetric with respect to the axis of symmetry passing through the axis # = 0. Then the
displacements given by eqns (25) are the solutions for the symmetric modes of vibration,
and those from eqns (27) are for the antisymmetric modes.

3. THIN SHELL THEORY (CLASSICAL THEORY)

In thin sheli theory, the effects of shear deformation and rotary inertia are neglected.
Setting 7., = 74, = 0 in eqns (6), one finds

ow ro ow
W.r—-g;a ll/e—";(l'*gé) (29)

Substituting eqn (29) into &,, ¢, and 7., in eqns (6) yields

l(éu 262w>,
g =—|=— —— == | sin wt,

ro\éx ry 0x*
o [@_w_ 2 l(ﬁ_':'+,> i o
°T p—z138 "8 \p\ag TU)f | @k
1 du 1 z\év z (1 1 *w | .
P (o ot (R el ELI )

These strains are identical to those for the thin shell theory derived by Suzuki er a/. (1983).
Substituting eqns (30) into eqns (10) and neglecting the terms of rotary inertia corresponding
to ¥, and y,, one obtains the Lagrangian for the thin shell theory that corresponds with
that derived previously by the present authors (Suzuki and Leissa, 1985).

4. NUMERICAL CALCULATIONS
Numerical calculations are made for elliptical cylindrical shells of variable thickness.
For this type of curvature, ®, and 7, in eqns (23) are
®0=(1+#0)3’ No = l’

3 3”3(_1)1122" |:l+32n~l +22n—l I:I

" W @) * b

4 Ko ;73

To be specific, the following shell parameters are used: po = 0.2 (~a/b = 1.22), B, = 500
(ro/ho = 6.5) or 1000 (ro/he = 9.1), v = 0.3 and k’ = n?/12, which is the shear coefficient
used by Mirsky and Herrmann (1957) and Mirsky (1964) for circular thick cylindrical
shells. The cross-section is symmetric with respect to 8 = 0, =, and the thickness variation
H(H) in eqn (23) is taken as

H(0) = 1 +¢6° (32)

where ¢ is an arbitrary constant. In the calculations, three cases where ¢ = 0, 0.2, 0.4 were
considered. These yield ratios of thickness at 8 = 7/2 to that at § = 0 which are 1, 1.493
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and 1.987. The axes of symmetry are the &-axis passing through the points 8 = 0, = and
the &,-axis passing through the points § = + /2. Vibrations are divided into four symmetry
classes (S-S, S-A, A-S, A-A), depending on whether they are symmetric (S) or anti-
symmetric (A) with respect to the ;- and £,-axes, respectively. These symmetry classes are
obtained by utilizing the symmetric functions (25) or the antisymmetric functions (27), and
by enforcing the conditions at § = n/2 that either

T\,=v=T:=M,=yp,=0 (symmetric) 33
or

u=T,=w=y,=M, =0 (antisymmetric). (34)
In this work, only the frequency curves for (S-S) and (A-S) are shown because the (A-A)
curves are very similar to the (S-S) ones, and the (8—A) curves are also very similar to the
(A--S) ones, as found in Suzuki and Leissa (1985).

The displacement functions #,,, U, Wm, ¥.r and g, were calculated by retaining 100
terms for each of the coefficients 4,, B,, C,, D, and E, in eqns (25) and (27). Each of the
independent solutions corresponding to each symmetry class was obtained by setting one
of 4,, By, Cy, Dy and E,equal to unity and the others equal to zero. The rate of convergence
of the solutions varies with parameters such as o, a3/Bo, k, € and u,. In general, the
convergence becomes worse as i, B, €, %4/Bo or k becomes larger. The first three parameters
in particular have larger influences on the convergence.

Table 1 shows the convergence of the solutions arising from eqn (25). In the table
are shown the significant figures of accuracy of the functions obtained from (4, =1,
By = Cy = Dy = E, = 0) in the case where x3/B, = 0.05 and k = 4. The numbers 75, 66, ...
in Table 1 show that 75 or 66 terms are necessary to obtain a function with accuracies of
10 digits, and the numbers (9), (6), ... show that the function converges with accuracies of
9 or 6 digits by 100 terms. For the other four sets of solutions, the same statement can be
made. The convergence of the solutions from eqn (27) is similar. The range where the
solutions with adequate accuracies can most easily be obtained is 8, < 1000, u, < 0.4 and
0<e< 04

The general solutions to eqns (21) for symmetric vibration about the ¢&,-axis, for
example, are expressed by linearly combining five independent solutions from eqn (25) as
follows :

5
{um9 Upms Wos l/’xrm 'pOm} = z Ai{umi’ Umis Wnis 'I/xmi, wfhm'} (35)
i= 1

where d,,..., Asarearbitrary constants. Consequently, considering the symmetry conditions
of eqns (33) and (34), one may obtain the frequency equations for (S-S) and (S—-A) modes
in the form of a fifth-order determinant. One can obtain similarly the frequency equations
for (A-S) and (A-A) modes using the solutions from eqn (27). The roots of these finite
(and relatively small) order frequency determinants are exact values of the nondimensional
frequency parameter a$/B,. The nondimensional frequency parameter ad/B, is related to
the frequency by

3/Bo = @’ripo(1—Vv?)/E. (36)

Table 1. Convergence of solutions from eqn (25) («3/8, = 0.05, k = 4)

Ho Bo & Up, Upm Win Uom Vom Tim Tom Tim M, M,

0 75 66 64 69 75 72 78 75 78 76
0.2 500 02 86 75 81 82 85 78 89 85 84 74
0.4 @ 9 ® & O O @ 8§ ® @
1000 02 98 92 92 % 98 87 90 92 92 91
0.3 50 0 ® 92 86 95 ©® 9 95 ® ® O
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In the calculations for the results shown hereafter, f,. ¢ and k were first chosen, and then
a search was conducted for the values of «§/8, which satisfy the frequency equations.

Figures 2-5 show the comparison between the classical and the improved thick shell
theories in nondimensional frequency parameter x3/f, versus k = mnr,/{ for the (S-S) and
(A-S) modes. The curves are for the first, second and third modes of vibration in the order
from below, in which the curves are depicted by joining the points for the values of aj/B,
atk =0.5,1.0,1.5,...,4.0. The numbers 1, ..., 12 on the curves for classical theory in Figs
2 and 3 denote the points at which the mode shapes will be shown later in Figs 8 and 9.
The curves for the improved thick shell theory are always below those for the classical
theory. The difference between both the theories typically increases as k£ (and hence ry/l)
becomes large or the vibration mode becomes higher. As seen from Figs 4 and 5, the
difference in the case where , = 1000 becomes smaller than that in the case where 8, = 500.

Figures 6 and 7 show the effects of changing & upon the nondimensional frequency
parameter a4/f, versus k. The curves become higher with increasing ¢.

2 L_ w v == Classical theory 7

--— Improved theory J

304/ Bo
T

Fig. 2. Frequency curves, {5-8) modes {(§, = 500, ¢ = 0).

/

wwwm Classical theory 9/
2 | =-1lmproved theory ?/

Fig. 3. Frequency curves, (A-S) modes (8, = 500, ¢ = 0).
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/

t
- Classical theory

e ImMiproved theory /
’

- 7

ag/B,

Fig. 4. Frequency curves, (8-8) modes (8, = 1000, ¢ = 0.2).

o= Clossical theory /

i ’
e Improved theory //

ag/Bo

Fig. 5. Frequency curves, (A-S) modes (8, = 1000, & = 0.2).

Figures 8-11 depict the mode shapes of elliptical cylindrical shells having uniform
thickness (¢ = 0). They are the displacements w,, for 0 < @ < #/2, in which the maximum
amplitude is taken to be unity. Mode numbering corresponds to the numbered points of
the frequency curves found in Figs 2, 3, 6 and 7. The mode shapes resulting from both
theories are, in most cases, very similar to each other for the lower modes. The mode shapes
in the case where & = 0.2, 0.4, which are not depicted here, are also similar to those of ¢ = 0.

Table 2 shows the effect of the shear coefficient change upon the relation between
as/Bs and k. The values of x§/f, in the case where k’ = 0.850 are a little larger in the third
decimal place than those where k" = n%/12. From this, one finds that the shear coefficient
has little effect upon the frequencies.
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Fig. 8. Mode shapes corresponding to numbered points in Fig. 2 (classical theory).
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/.. If,tavz o
A e A A
< N B

Fig. 9. Mode shapes corresponding to numbered points in Fig. 3 (classical theory).

r/2

(<]

/OPE'
s
o Wm

Fig. 11. Mode shapes coprresponding to numbered points in Fig. 7 (¢ = 0).
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Table 2. Effect of shear coefficient (k') upon 238, (5-S. 8, = 500,26 = 0)

Mode kK k=1 (=2 k=3 k=4
Ist 0.822 0.049 0.247 0.559 0.984
0.850 0.049 0.247 0.559 0.986

2nd 0.822 0.420 0.605 0.989 1.512
0.850 0.421 0.607 0.993 1.515

3ed 0.822 0.702 0.949 1.174 1713
0.850 0.702 0.949 1.175 1.719

In this paper, the free vibration of noncircular thick cylindrical shells having cir-
cumferential thickness variation has been studied by an improved thick shell theory. The
method of solution developed here is a general one applicable to arbitrary noncircular thick
cylindrical shells with varying thickness, although limited to shells having freely supported
ends. As numerical examples, natural frequencies and mode shapes were found for elliptical
cylindrical shells for which the thicknesses vary parabolically in the circumferential direc-
tion, and the results were compared with those obtained from thin shell theory. From these
results, it is clear that one should use the improved thick shell theory to obtain natural
frequencies of noncircular thick cylindrical shells with #, < 1000 because then the shear

5. CONCLUSIONS

deformation and rotary inertia have large influences upon the frequencies.
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APPENDIX: TERMS CONTAINED IN EQNS (26) AND (28)

For eqn (26)
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